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Abstract
We give the direct and inverse approximation theorems for a new type of
Bernstein-Durrmeyer operators with the modulus of smoothness.
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1 Introduction
Durrmeyer [] introduced the integral modiﬁcation of the well-known Bernstein polyno-
mials given by











xk( – x)n–k . Derriennic [] established some direct results in ordinary
and simultaneous approximation for Durrmeyer operators. Then Durrmeyer type opera-














 pn+m–,k+m–(t)f (t)dt, m > ,
where m,n ∈ N with m ≤ n and for any a,b ∈ N, ab = a(a – ) · · · (a – b + ), a =  is
the falling factorial; and we get the rate of convergence for these operators for a function
having derivatives of bounded variation and the result in the simultaneous approximation.
In the present note our main aim is to get the direct and inverse approximation theorem
for this type of operators. Here we shall utilize modulus of smoothness and K-functional
as the tools, which are deﬁned by []
ωr
ϕλ











{‖f – g‖ + tr∥∥ϕrλg(r)∥∥},
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x( – x), ≤ λ≤ , r ∈N . It is well known that ωr
ϕλ
(f , t)∼ Kϕλ (f , tr), where
a ∼ b means that there exists some constant C >  such that C–b ≤ a ≤ Cb. We denote
Mn,m(f ,x) = (m+n)
m
nm Pn,m(f ,x) and state our main results as follows.
Theorem  For f ∈ C[, ],  < λ < , ϕ(x) =√x( – x), one has










Theorem  Let f ∈ C[, ],  ≤ λ ≤ , ϕ(x) = √x( – x), δn(x) =max{ϕ(x), √n }, r ∈ N ,  <
α < r, for m > , and from
∣∣Mn,m(f ,x) – f (x)∣∣ =O((n  δ–λn (x))α),
we get ωr
ϕλ
(f , t) =O(tα).
Throughout this paper ‖ · ‖ = ‖ · ‖∞ and C denotes a positive constant independent of
n and x not necessarily the same at each occurrence.
2 Lemmas
To prove the above theorems we need the following lemmas. First we deﬁne themoments,
for any s ∈N, Tn,m,s(x) =Mn,m((t – x)s,x).
Lemma  ([]) The following claims hold.
() For any s,m ∈N, x ∈ [, ], the following recurrence relation is satisﬁed:
(n +m + s + )Tn,m,s+(x) = x( – x)
[




(s +m) – x( + s + m)
]
Tn,m,s(x),
where for s = , we denote Tn,m,–(x) = .
() For anym ∈N and x ∈ [, ],
Tn,m,(x) = , Tn,m,(x) =
m – x( + m)
n +m +  ,
Tn,m,(x) =
nx( – x) +m( +m) – mx(m + ) + x(m + m + )
(n +m + )(n +m + ) .
() For any s,m ∈N, x ∈ [, ], Tn,m,s(x) =O(n–[(s+)/]).





for any C > .
Lemma  For f (x) ∈ C[, ], ϕ(x) = √x( – x), δn(x) = max{ϕ(x), √n },  ≤ λ ≤ , r ∈ N ,
m > , we have
∣∣ϕrλ(x)M(r)n,m(f ,x)∣∣≤ Cnrδr(λ–)n ‖f ‖. (.)
Liu Journal of Inequalities and Applications 2014, 2014:106 Page 3 of 6
http://www.journalofinequalitiesandapplications.com/content/2014/1/106
Proof To complete the proof we consider two cases of x ∈ En = [ n ,  – n ] and x ∈ Ecn =
[, n ]∪ [ – n , ].
For x ∈ Ecn, ϕ(x)≤ Cn , δn(x)∼ n . Using
M(r)n,m(f ,x) =
(n –m)!




where ak(n) = (n + m)
∫ 
 pn+m–,k+m–(t)f (t)dt, ak(n) = ak+(n) – ak(n), rak(n) =
(r–ak(n)); and |rak(n)| ≤ C‖f ‖, (n–m)!(n–m–r)! ≤ (n –m)r < nr , one has
∣∣ϕrλ(x)M(r)n,m(f ,x)∣∣≤ Cn–rλnr‖f ‖ ≤ Cnrδr(λ–)n ‖f ‖. (.)
For x ∈ En, δn(x)∼ ϕ(x). From [] we have








n –m – x
)i
ak(n),



















n –m – x
)i) 
≤ Cn– i ϕi(x).
Consequently |ϕr(x)M(r)n,m(f ,x)| ≤ Cnr‖f ‖, hence
∣∣ϕrλ(x)M(r)n,m(f ,x)∣∣ = ϕr(λ–)(x)∣∣ϕr(x)M(r)n,m(f ,x)∣∣≤ Cnrδr(λ–)n ‖f ‖. (.)
From (.) and (.), (.) holds. 
Lemma  For f (r–)(x) ∈ A.C.loc, ‖ϕrλf (r)‖ <∞,m > , we have
∣∣ϕrλ(x)M(r)n,m(f ,x)∣∣≤ C∥∥ϕrλf (r)∥∥. (.)
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= (n –m)(n –m)!(n –m – r)!
(n +m – )!












 pn+m+r–,k+m+r–(t)f (r)(t)dt|. For  ≤ λ ≤  one
has
ϕrλ(x)I

















(n –m – r)!(k + r)!(n –m – k – r)!
k!(n –m – r – k)!(n –m)! pn–m,k+r(x) =: αn,kpn–m,k+r(x),
pn+m+r–,k+m+r–(t)ϕ–r(t)
= (n +m + r – )!(k +m + r – )!(n – k – r)!(k +m + r – )!(n – k)!(n +m – )! pn+m–,k+m+r–(t)
=: βn,kpn+m–,k+m+r–(t)
and αn,kβn,k ≤ C, we get ϕrλ(x)I ≤ ‖ϕrλf (r)‖. This completes the proof of Lemma . 






ϕ–β (x + u + · · · + ur)du · · · dur ≤ Ctrϕ–β (x).
3 Proof of the theorems
In this section we will give the proof of Theorem  and Theorem .
Proof of Theorem  By the deﬁnition of Kϕλ (f , tr) and the equivalence between ωrϕλ (f , t)
and Kϕλ (f , tr), for the ﬁxed n and x, we can choose g = gn,x such that








∣∣Mn,m(f ,x) – f (x)∣∣≤ ‖f – g‖ + ∣∣Mn,m(g,x) – g(x)∣∣, (.)
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and we have to estimate the second term on the right side of (.). By Taylor’s formula,
g(t) = g(x) + g ′(x)(t – x) +
∫ t
x (t – u)g ′′(u)du, and Lemma  we have




(t – u)g ′′(u)du,x
)∣∣∣∣
≤ C n
∣∣g ′(x)∣∣ + ∣∣∣∣Mn,m
(∫ t
x
(t – u)g ′′(u)du,x
)∣∣∣∣
=: I + I. (.)
We consider I ﬁrst. For ≤ x≤  ,
















together with |g ′(  )| ≤ C(‖g ′′‖L∞[  ,  ] + ‖g‖L∞[  ,  ])≤ C(‖ϕλg ′′‖ + ‖g‖), one has
∣∣g ′(x)∣∣≤ C‖g‖ + ∥∥ϕλg ′′∥∥. (.)
It is similar for  < x≤ .
Now we address I. By the process of (..) in []





















By (.)-(.), we complete the proof of Theorem . 
Proof of Theorem  For convenience let γn,λ(x) = n–

 δ–λn (x). If Mn,m(f ,x) – f (x) =
O(γ αn,λ(x)), for every n : n > r, we have
∣∣rtϕλ(x)f (x)∣∣ ≤ ∣∣rtϕλ(x)(Mn,m(f ,x) – f (x))∣∣ + ∣∣rtϕλ(x)Mn,m(f ,x)∣∣












)∣∣∣∣∣du · · · dur

























)∣∣∣∣∣du · · · dur
:= Cγ αn,λ(x) + J + J. (.)
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Combining Lemma , Lemma , and Lemma , we have
J ≤ Ctrγ –rn,λ (x)‖f – g‖, (.)
J ≤ Ctr
∥∥ϕrλg(r)∥∥. (.)
Utilizing (.), (.), and (.), choosing the appropriate g , we obtain
∣∣rtϕλ(x)f (x)∣∣≤ C(γ αn,λ(x) + trγ –rn,λ (x)ωrϕλ(f ,γn,λ(x))).



























which yields the assertion of Theorem  by the Berens-Lorentz lemma. 
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